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Abstract. We consider the scattering transform for the Schrodinger equation 
with a singular potential and no bound states. Using the Riccati representation 
for real-valued potentials on the line, we obtain invertibility and Lipschitz con- 
tinuity of the scattering transform between weighted and Sobolev spaces. Our 
approach exploits the connection between scattering theory for the Schrodinger 
equation and scattering theory for the ZS-AKNS system. 



1. Introduction 

The purpose of this paper is to study Sobolev space mapping properties of the 
direct and inverse scattering maps for the one-dimensional Schrodinger equation 
with a potential of low regularity and no bound states. One of our motivations 
is to use the scattering maps for the Schrodinger equation to construct and study 
solutions of the KdV equation on the line with initial data of low regularity using 
the inverse scattering method. This paper presents first steps toward this goal 
which we will continue in [9j. 

In this paper, we will describe a new representation for singular potentials 
on the line, the Riccati representation, inspired by the work of Kappeler, Perry, 
Shubin, and Topalov [lOj on the Miura map |18| . As we will see, the Sobolev 
mapping properties of the scattering map are particularly transparent when this 
representation is used. An analogous representation for Schrodinger operators on 
the circle appears in the work of Kappeler and Topalov |11H14I on well-posedness 
of the periodic KdV and mKdV equations. 

If (7 is a real-valued distribution on the real line belonging to the space i/~^(R), 
the Schrodinger operator —cP/dx^ -\- q may be defined as the self-adjoint operator 
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associated to the closure of the semibounded quadratic form 

(1.1) q((^)= J \^'{x)\'dx+^q,\^\^) 

with domain C^(M) (see Appendix B in [10 and references therein). It is natural 
to begin by considering such singular potentials without negative-energy bound 
states, i.e., distributions q for which the quadratic form (jl.ip is non- negative. As 
shown in [lOj , such a distribution can be presented in the form 

' I 2 

q = u + u 

where u G Lj^qj,(M) is the logarithmic derivative of a positive solution y e _ffj^^(IR) 
of the zero-energy Schrodinger equation —y" + qy = 0. The function u is called a 
Riccati representative for the distribution q. 

There is a one-to-one correspondence between Riccati representatives u and 
strictly positive solutions y to the zero-energy Schrodinger equation, normalized so 
that y(0) — 1. This latter set consists either of a single point or a one-parameter 
family of solutions. Explicitly, y = 9y^ + (1 — 0)y^^ where y± are the unique, 
normalized, positive solutions with the property that 

ds r° ds 
Jo ylis) J-oo y-(s) °° 

(see §5 of [IQi). If we set u± — ^logy±, these "extremal" Riccati representatives 
u± have the property that v := U-—u^ is a nonnegative, Holder continuous function 
and is either strictly positive, if 7^ it_, or identically zero, if w+ = 

We can now describe the class of potentials we will study and define the Riccati 
representation for such potentials that will play a central role in our work. Denote 
by Q the set of real- valued distributions q G iJ^^(K) with the properties that 

(i) the quadratic form (jl.ip is non-negative, and 

(ii) the Riccati representatives u± obey u± G i-'^(K^) nL^(R). 

We have Q = Qo U Q> where Qq is the set of aU g G Q with v(Q) — 0, and Q> 
is the set of all such distributions with u(0) > 0. This class includes the usual 
Faddeev-Marchenko classQ but also positive measures with suitable decay, certain 
highly oscillating potentials, and sums of delta functions with positive weight (see 
§1 of and §2 of [8] for further examples). The set Qo is very unstable under 
perturbations so that potentials in the sets Qo and Q> are referred to respectively 
as "exceptional" and "generic" potentials. 

A distribution q G Q is uniquely determined by the data 

(1.2) («-l(-oc,o) ' ^+1(0,00) :«(0)) G X- X X+ X [0,00), 

where = L'^{m.^) n ii(K±) (see g]. Lemma 2.3). We will cah the triple 

u+lj-Q ,w(0)^ the Riccati representation of q. Note that g G Qo 

has a unique Riccati representative u G L^(R) n L^(M). 

For q G Q, it was shown in [7] (for q G Qo) and [8 (for q G Q>) that the usual 
formulation of scattering theory for the Schrodinger equation carries over. First, 



That is, real-valued measurable functions q with / (1 + dx < 00. 
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there exist Jost solutions f±{x,k), asymptotic as a; — ?> ±00 to exjp{±ikx). Sec- 
ond, one can use these solutions to define reflection coefficients r±{k) that describe 
scattering. The scattering maps S± are then defined as 

S± : r±. 

We will study the scattering maps, parameterizing their domain using the Riccati 
representation. 

The Riccati representation connects the scattering problem for the Schrodinger 
equation to the scattering problem for the ZS-AKNS system (see Zakharov-Shabat 
[2T] and Ablowitz-Kaup-Newell-Segur [I]): 

(1.3) = ifccTg* + Q(a;)*, 

dx 

where 
and 

(1.4) Q(x) = 



1 

-1 



u{x) 
u{x) 



where w is a Riccati representative for q. If g G Qo, then the Schrodinger scattering 
problem is in fact equivalent to the scattering problem for (jl.3|) with potential (|1.4p , 
and the scattering maps can be studied using techniques developed for the ZS- 
AKNS system (see [6] and [7]). On the other hand, if g £ Q>, one can construct 
Jost solutions /+ and /_ for the Schrodinger equation from scattering solutions 
associated to ZS-AKNS systems (|1.3p . where the potential Q is given by (|1.4p 
respectively with u = u+ and u = U-. 

The Riccati representation is particularly well-suited to studying Sobolev space 
mapping properties of the scattering map. We first consider the case of g G Qo, 
where q is specified uniquely by a single real- valued Riccati representative u € X, 
with X denoting the Banach space L'^(R) n L^(R) with norm 

\W\\x = hllLi(R) + hllL2(R) • 

We will write for the real Banach space of real- valued functions u ^ X. Denote 
by X and the images of X and under the Fourier transform, set — 
\\v\\x, and let 

Xi {re^: ||r||^<l}. 

Note that r{—k) — r{k) for any r G Xr. It was shown in [6], [7] that the scattering 
maps S± are invertible, locally bi-Lipschitz maps from X-r onto Xi. Since the 
maps <S± in the Riccati variable are scattering maps for the ZS-AKNS system, one 
can use techniques of Zhou [22 j to prove the following refined Sobolev mapping 
property. For s > 0, let 

L^-'{M.) := {u G ^^(K) : (1 + |a;|)' u G L^{M.)] 

and denote by H^iW) the image of L^''*(IR) under the Fourier transform. Note that, 
for s > 1/2, i^'''(M) C X and i/*(M) consists of continuous functions. If we set 

HtiR) := {r G H^R) n ^ : ||r||^ < l} , 

one can prove the following refined mapping property. 
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Theorem 1.1. For any s > 1/2, the restrictions S± : L'^'''{R) n -> Hl(R) are 
onto, invertihle, locally bi-Lipschitz continuous maps. 

We will not give the details of the proof but rather concentrate on the more 
challenging case where g G Q>. To formulate our main theorem we first recall some 
results from fSl. 

If <? G Q>, the reflection coefficients r± belong to Xk , but r±(0) = — 1 and 
\r{k)\ < 1 for A; 7^ 0. For smooth, compactly supported generic potentials, one 
has r±{k) = — 1 + 0{k'^) as k ^ (see, for example, [3], §2, Theorem 1, Part V 
and Remark 9); in general, as shown in [8], one has the weaker condition that the 
functions 

i-k±(fc)l' 

belong to Xr and do not vanish at fc = 0. The direct scattering maps in the Riccati 
variables are given by 

^± ■ («-l(-oo,0) ' "+l(0,oo) ^ '^i- 

For r G Xr, we shall write 
and denote 

TZ> := {r e Xm : r{0) = -1, \r{k)\ < 1 if fc ^ 0, r E Xr, f(0) ^ o} . 
The space 7^> is a metric space when equipped with the metric 
(1.6) rf(r-i,r2) = ||ri -rsHjj + ||Fi -hWx- 

In [5] , it was shown that the maps S± are locally bi-Lipschitz continuous onto maps 



from X~ X X+ x (0, oo) onto equipped with the metric (|1.6I) . 

We will prove a finer mapping property, analogous to Theorem 11.11 for the 
scattering map on generic potentials. We set 

TZs = {r e TZ^nH^R) -.reH^R)} 

and equip TZs with the metric 

Theorem 1.2. For any s > 1/2, the direct scattering maps S± are invertihle, 
locally bi-Lipschitz continuous maps from L^''*(R~) x i^''*(M"'") x (0, oo) onto the 
space TZs ■ 

Fourier-type mapping properties of the map q i-^ r have been studied by many 
authors, including Cohen [2^, Deift and Trubowitz 3 , and Faddeev [5]. These 
authors impose weighted assumptions on q and obtain regularity results for r 
in terms of oo-norms of r and its derivatives. Kappeler and Trubowitz |15| , |16] 
studied Sobolev space mapping properties of the scattering map, defined as follows. 
Let s{k) — 2ikr{k)/t{k), where r is the refiection coefficient and t is the transmission 
coefficient, and introduce the weighted Sobolev spaces 

i?n.a ^{feL^: x^dif G L^ < J < n, < /3 < a} , 
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Kappeler and Trubowitz show that the map q t-^ s takes potentials q G Hn,n 
without bound states to scattering functions s belonging to H^_^ ^ for > 3. 
They extend their results to potentials with finitely many bound states in [16) . 
They also prove analyticity and investigate the differential of the scattering map. 

Our results are similar to those of Kappeler and Trubowitz in that we study 
i^-based Sobolev spaces, which leads to a more symmetrical formulation of the 
mapping properties. In our case, we examine the scattering map in the Riccati 
variables (|1.2I) and so treat potentials which are more singular than the class treated 
by Kappeler and Trubowitz. In a subsequent paper [9], we will extend the methods 
developed here to consider mapping properties between weighted fractional Sobolev 
spaces which preserve the KdV flow. 

This paper is organized as follows. In section 2, we first review the connection 
between Jost solutions to the Schrodinger and ZS-AKNS equations. In section 3 we 
obtain estimates on the direct scattering map using a Fourier representation for the 
Jost solutions derived in [7]. In section 4, we use the representation formulas of fS], 
derived from Gelfand-Levitan-Marchenko equation for the ZS-AKNS system, to 
analyze the inverse scattering map. Finally, in section 5, we give the proof of the 
main theorem. 

Acknowledgements. The research of RH and YM was partially supported 
by Deutsche Forschungsgemeinschaft under project 436 UKR 113/84. RH was 
supported in part by NSF grant DMS-0408419, and PP was supported in part by 
NSF grants DMS-0408419 and DMS-0710477. 

2. Schrodinger Scattering and the ZS AKNS System 

In this section, we recall how the Jost solutions and refiection coefficients for 
a Schrodinger operator with Miura potential may be computed by solving the as- 
sociated ZS-AKNS equations with potentials and u^. We assume throughout 
that u± e L'^iR) n Li(R±) are real-valued. 

First, we recall the connection between the Schrodinger equation with a Miura 
potential and the ZS-AKNS system. If u e L^^^{R) and q = u' + then the 
Schrodinger equation 

(2.1) - y" + qy = k'y 

is equivalent to the system 

d ( y \ ( u I \ f y 



^^•^^ { J'{-k' -u J{ 

where y^^' :— y' — uy is the quasi-derivative of y. Note that y and j/t^l are absolutely 
continuous, and the initial value problem for (j2.2p has a unique solution. For a given 
choice of u and solutions g and h of (12. ip , the Wronskian 

(2.3) [f,g]^g{x)h^'\x)-g^'\x)h{x) 

is independent of x. 

The Jost solutions f±{x, k) satisfy (|2.ip with respective asymptotic conditions 

/±(x)-e±^'=- 
r±*oo y (x) =p ike^ 



(2.4) „limj )-0 



where 
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If [ • , • ] _|_ denotes the Wronskian ()2.3p with u = u±,it fohows from the asymptotics 
(Ell) that 

Thus, for k ^ Q, there are coefficients a{k) and b{k) so that 

U{x, k) = a{k)f^{x, -k) + b{k)f^{x, k). 
By standard arguments, 

(2.5) |a(A;)|^-|6(fc)|^ = l, 

and the reahty conditions 



(2.6) a(-/c) = a(fc), b{-k) = b{k) 

hold. Moreover, 

, [/+(a:,fc),/-(x,fc)]_ 
^'■'^ "^'^ ^ [/-(., -fc),/-(x,fc)]_ 

and 

[/_(a::,A;),/_(x, -fc)]_ 
The reflection coefficients r± are given by 

(2.9) r-{k)^b{k)/a{k), 

(2.10) r+{k) = -b{-k)/a{k), 

so that |r+(fc)| = |r_(fc)|. The transmission coefficient is given by t{k) — \/a{k), 
and the involution 

(2.11) r(fc) ^ -M_r{-k) 

maps r_ to r+ and vice versa. 

To compute the Jost solutions f± we exploit the following connection between 
the Schrodinger equation with potential u' + and the ZS-AKNS system 

(2.12) -^^f = ifcaa^- + g(a;)«' 

dx 

with potential 

(2.13) Q{x) - 

If 5* = (-01, V'2)"^ is a vector- valued solution of (|2.12p with potential p.lSp . then 

ik{ipi - -02) 

solves the system p.2p . In particular, if and are the unique matrix- valued 
solutions of the respective problems 

dx \ u±{x) 

lim |«'±(x) -e"'='"^| =0, 



u{x) 
u{x) 
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then the formulas 

(2.14) 

(2.15) 

(2.16) 

(2.17) 



f+{x,k) = Vu(2^,fc) +ipti{x,k) 

/_ (x, k) = (2;, fc) + -021 i^' fc) 
/i^' (a;, fc) = -ifc (^Vn (2;, fc) - i/'2i (a^> fc)) 



hold, where the bar denotes complex conjugation. A short computation with (12.71) - 
leads to the formulas 



(2.18) 



a(fc) 



-011 (2;, fc) ■4'2i{x,k) 



v{x) 
2ik 



f+{x,k)f_(x,k), 



(2.19) 



b{k) = 



^4i{x,k) ip^^{x,-k) 



-0^1(2;, fc) -Tl>2iix,-k) 



v{x) 
2ik 



f+{x,k)f^{x,k), 



where, for a 2 x 2 matrix A, \A\ denotes the determinant. 

These two formulas lie at the heart of our analysis for the direct problem. They 
show explicitly the singularity at = that occurs when ^ it_; the singularity 
is always nonzero in this case since v is strictly nonzero and /±(a:;, 0) are positive 
solutions of the zero-energy Schrodinger equation. 

To study the scattering map via the formulas (|2.18p ~ (|2.19p . we will use in- 
tegral representations for the solutions These integral representations give 

as Fourier transforms of functions given by explicit multilinear series in u±. 
Let '^^{x,k) = exp{ixka3)N^ (x, k) and denote by nfj the entries of N^. In or- 
der to compute the Jost solutions from (|2.14l) - (|2.17p . it suffices to study nf^ and 
n^i. We will describe only the integral representations for nf^ and n^i and their 
properties since those of n^i and n^i are very similar. 

From [7], section 3.1, equations (3.14) and (3.15) and following, we have 



it,{x,k)-l = / A{x,C) 
Jo 



n+(a;,fc) = / B{x,(:)e"^'' dC- 

J X 

Here A and B have multilinear expansions of the form 



A[x, c) = E ^«(^' 0, B{x, c) = E ^"(^' 



n=l 



n=l 



with 



and 



An{x, C) = / '"+(yi) • • ■ U+{y27i) dS2„ 



Bn{x,C) 



i(C) 



u+ivi) ■ ■ ■u+(y2«) dS2 
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where, for C G IR, f^n(C) is the set of ahy = . . . , ?/„) in M" with x < yi < . . . < y„ 
and 



(2.20) 



n-l 
j=0 



while dSn is surface measure on the hyperplane (|2.20p . 
For each fixed x we have 



(2.21) 
(2.22) 



||"-2i(2;' ■ )||_f/a(R) ^ W^i^^ ■ )IIl2.=(r)- 



Thus, to estimate the 7J*-norms of n'^^ and nj,^ as functions of k, it suffices to 
obtain summable estimates on ||A„(a;, • ) ||i2,s(][j') and ||_B„(x, • )||i2,a(][{')- 
To do this, we first note the identity 



sup 



¥'(C)(1 + ICI)^^(C) dC 



Next, setting y := (yi, . . .,?/„), dy := dyi ■ ■ ■ dy^, U{y) := u+{yi) ■ ■ •u+(y„), and 
defining 

n-l 



C«(y) := ^(-l)-'2/„-j, 



we find that 
(2.23) 

/•OO 

(2.24) / ^(C) 



3=0 



VJ(C) / U{y)dS2ndC = 



c^(y)^(C2„(y))dy, 



Uiy)dS2n-idC= / f/(y)^(C2„-i(y))dy. 

Observe that for y obeying < a; < j/i < • • ■ < j/„ the estimate |Cn(y)| < yn 
holds. We then get from the integral representation for An and p.23p that, for any 



ii + cymA„{xx)dc 

u+{yi) ■ ■ ■ u+{y2n~i)\ I (1 + y2r01V'(C2n(y))||w+(2/2n)|dy 

x<yi<---<y2„-i 

|2n-l 
"+IIl1(R+) 



< 



< 



(2n-l)! II"+H^^-°(K+)II'^IU^( 
Therefore 



|2n-l 



II A t \ll ^ II"+IIli(r+) II II 

\\An(X, •)IU2. = (K+) < (2n-l)! 



and similar estimates give 



\\Bn{x, ■)\\l^.s^r+) < " ^2n-%'^ II"+IIl''.^(R+)- 

Since An [x, ■) and i?„ [x, ■) are multilinear functions of m+ and the series for A(x, ■ ) 
and J3(a;, •) converge absolutely in L^'*(]R), standard arguments show that, for 
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every fixed x > 0, A{x, ■ ) and B{x, ■ ) depend analytically in L^'''(M) on u+ S X^. 
Hence: 

Proposition 2.1. Assume that s > 1/2 andthatu^ e £^'"(11^+). Then n^^{x, •) — 1 
and n2i{x, •) belong to _ff*(M) for each fixed x > 0, depend analytically therein 
on e , and the estimates 

sup{\\n^j^{x, ■) - l||ff=(R) + ll"2i(a;, •)IIh-(k)) < ||w+||l2.=(r+) exp{||M+||ii(js,+)} 

x>0 

hold. 

A similar analysis, based on the integral representations for n^^ and ^21, shows: 

Proposition 2.2. Assume that s > 1/2 and that G L^''*(R~). Thenn^^{x, ■) — ! 
and n2i{x, •) belong to H^{M.) for each fixed x < 0, depend analytically therein 
on G X~ , and the estimates 

\h-(K)) < ||w-||L2..(R-)exp{||'u_I|ii(R-)} 



x<0 

hold. 



3. The Direct Problem 

We now consider the mappings (u_,w+,w(0)) r±. In order to study the 
mapping properties we introduce the auxiliary functions 

k 



(3.1) 
(3.2) 

(3.3) 

and note the relations 

(3.4) r_(fc) = 

and 
(3.5) 



Z{k) 
b{k) 

F(fc) 

~m 

a{k)' 
F(fc) = 



k + i 
k 

k + i 



a{k), 
b{k), 



i-k±(fc)r 



fc2 



r+(fc) = 



i -kb{-k) 
i + k a[k) 



fc' + l |5(fc)|'' 

Proposition 3.1. Suppose that u± G L'^'''{M.^) for some s > 1/2. Then r± G 
H^iR) and r G H^R) with f(0) ^ 0, and the maps 

L^'%R+) X L^'^R-) xR+ ^ H^iRf 

(m+,u_,w(0)) (r_,r+,?) 

are locally Lipschitz continuous. 

Proof. From the representation formulae p.lSp and (|2.19p evaluated at a; = 
we have 



a{k) = 



k + i 



n+,iO,k) 712-1 (0,fc) 



n+(0,fc) n-,iO,k) 



1 w(0) 
fc + i 2i 



/+(0,fc)/_(0,fc) 
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and 



b{k)= ^ 



k + i 



7i+(0,fc) n+(0,-fc) 



+ (0,fc) -7121(0, -fc) 



^ ''^"l/+(0,fc)/_(0,A). 



k + i 2i 



In view of Propositions 12.11 and 12.21 the functions nfj{0, •) and /±(0, •) belong 
to the Banach algebra 1 + 7?'*(R) (see Appendix [X| and depend locally Lips- 
chitz continuously therein on the Riccati variables (u+, w_, w(0)); thus the same 
is true of a and b. Moreover, the function a is an invertible element of 1 -j- H''{M.). 
Indeed, by Lemma lA.ll it suffices to show that inf \a\ > 0. We observe that 
a(0) = w(0)/+(0, fc)/_(0, k) ^0 while \a{k)\ > for ah nonzero real k due to (^31) . 
Representation (|2.7I) for a along with the asymptotic behavior of the Jost solutions 
imply that \a{k)\ 1 as fc — )> ±oo, so that \a{k)\ ^ 1 as fc ^> ±oo as well. Re- 
calling that a is a continuous function, we conclude that a is an invertible element 
of the Banach algebra 1 -j- 77* (E). Clearly, the same conclusion holds for all a in a 
neighborhood of the given one. 

We now use (|3.4p to conclude that the reflection coefficients belong to H^{M.) 
and depend therein locally Lipschitz continuously on the Riccati variables. Since 
|a(A:)p is an invertible element of 1 + i?''(R), relation p.5|) yields the inclusion 
r € iJ''(R), and the continuous dependence follows by the same arguments as 
above. Finally, p.Sp and a(0) ^ yield r(0) ^ 0, and the proof is complete. □ 

Finally, we note the following variant of Proposition 3.3 of [8], which concerns 
continuity of the involution (|2.1ip between reflection coefficients. For a given r G TZg 
with r of (jl.Sp . we define 

t{z) = ^— cxp f / log + 1) F(s)] -^—\ 
z + i '^\2m ' ^ s-z) 

for Im(z) > 0, and by the boundary value for real z = k. 

Proposition 3.2. The mapping 

X.:r^-^^A-k) 

is a continuous involution from TZg to itself. 

We omit the proof, since it is completely analogous to that of Proposition 3.3 
in [§], except that the Banach algebra 1 + X there is replaced with the Banach 
algebra 1 + H%M.). 



4. The Inverse Problem 

In this section, we assume given a function r e TZg and set r"^ = IgV. It 
follows from [8] that there exists a unique distribution q G -ff~^(M) with Riccati 
representatives u ^ u+ e ^^(R) n Li(M+) and u# = m_ e L'^{R) n Li(R-) so that 
the corresponding Schrodinger operator has r and r"^ as its right and left reflection 
coefRcients, respectively. We wish to show that the Riccati representatives u and 
u"^ reconstructed from r and r'^ belong respectively to L^'''(IR"'") and i^'''(M~). To 
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do SO, we will recall the reconstruction formulas for u and u"^ derived in [8J from 
the Gelfand-Levitan-Marchenko equations. Let us define 

F{x) = - / r(/c)e2*'=^ dk, 

Tl" J-oo 

1 r°° 

F*{x) ^ - / r*{k)e~^'''^dk. 

I" J-oo 

Note that F and F* belong to L'^'''{R). Setting 

= (, f (x) j ' " = j ' 

the right and left Gelfand-Levitan-Marchenko equations are respectively 

nOO 

n{x + c) + r{xX)+ r{x,t)n{x + c + t) dt^o, c>o, 

Jo 

poo 

n*{x + c) + r*{x,Q+ r*{x,t)n*{x + c + t) dt = o, c<o, 



for the 2x2 matrix- valued kernels F and . The right and left Riccati represen- 
tatives are reconstructed via 

u{x) ^ -ri2(a;, 0), 
u*{x)^r*{x,0). 

Let 7(2;, C) — ri2(a;,() and 7'^(a;, C) — r^(x, Let Tp and Tp# be the integral 
operators (depending parametrically on x) 

pOO 

(Tpyj) (C) = / F{x + C + t)m dt, 
Jo 

(T^#V)(C) = / F*{x + C + t)m dt. 



Then, as vectors in i^(R+) (resp. in L^(K )) for each fixed x, 

{l-Tl)-i{x, ■) = -F{x+ ■ ), 
{I-Tl^)^*{x, ■) = -F*{x+ ■ ). 



As shown in the proof of 8 , Proposition 4.2, the operator (/ — T|.) is bounded 

from L2(M+) to itself (resp. (/ - T^^y^ is bounded from L'^iR") to itself). From 
these equations and the reconstruction formulas, it is not difficult to see that 

u{x) = F{x) ~ G{x), 
u*{x) ^ -F*{x) +G*{x), 

where 



G{x) = / F{x + t)H{x,t) dt, 
Jo 

pO 

G*{x)^ F*{x + t)H*{x,t) dt 
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and 

H{x, ■) = {l-Tl)-\{TpF){x+ .)), 

H*{x, ■)^{l-Tl^y'{{TF#F*){x^ .))• 

We are interested in estimating the behavior of G as a; — ?■ +cx) (resp. of as 
x — >■ — oo). It suffices to consider x > xq (resp. x < —xq) for sufficiently large xq. 
Choosing xo so large that 

/ \F{s)\ ds < 1/2, / \F*{s)\ ds < 1/2, 

we have ||Tf||j;^p_^^p < 1 for p = 1,2, and similarly for Tp#. Note that we can 
make such a choice of fixed xq in a small neighborhood of a given F e L'^'^i^) 
since L^'*(M) C ^"'^(IR) for s > 1/2. Wc can then obtain convergent multilinear 
expansions for G and G^ valid respectively for x > xq and x < —xq. These 
multilinear expansions can be estimated, much as in the previous section, to obtain 
the required weighted estimates. We will give the analysis for G since the analysis 
for G"^ is very similar. 

For a; > a;o we have the expansion 



•DO 

H{x, •) = E(^^'^Mi^(^+ •)])(•) 



3=0 

convergent in i^(]R+). From this expansion and the Cauchy-Schwarz inequality it 
follows that 



Gix) = J2Gr^{x) 
n=l 

in L°°{xo,oo), where 

Gn{x) = F{X + h)F{x + h+t2)... F{x + t2n-l + t2n)F{x + t2n) dt 

and dt := dt\ . . . dt2n- We will show that, for xq > 0, 

(4.1) / il + ^f\Gn{x)f dx<\\F\\tl^^^^^J il + xf'\F{x)\' dx, 

J XO J XO 

from which it follows that (1 + x)^* |G(a:;)|^ dx < oo. Let /(.t) := |F(x)| and 

f{x) := (1 + xf'" p{x). Since x < x + ti in the range of integration for G„, it 
follows from the Cauchy-Schwarz inequality that 

f-OC f-OO 

/ (1 + 3;)^" |G„(a;)|^ dx < In{x)Jn{x) dx, 

Jxo J Xo 

where 

(4.2) In{x):= [ f{x + ti)f{x + ti+t2)...f{x + t2n-l+t2n)f{x + t2n) dt 

and 

(4.3) Jn{x):= I f{x + ti+t2)...f{x + t2n-l+t2n)f{x + t2n) dt. 
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Clearly, 

(4.4) Mx) < 

for X > xq. In (|4.2|) . set y2k-i = x + t2k-i and y2k = t2k for 1 < /c < n; then 

In{x) dx = 

oo /"OO pQO pCSD 

/(yi)/(yi + y2) ■ • • f{y2n-l + y2n)f{x + y2n) dy dx 



'Xq JO Jo J Xq 

where dy :— dyi . . . dy2n- It follows easily that 

2n 

(4.5) / In{x) dx<l I fix) dx]{ I fix) dx ' 

J Xq \J Xo 

Combining (H3)) and gives (|i?T|) . 

Together with a similar analysis for and G^, the above arguments yield: 

Proposition 4.1. Suppose that r ^ TZg for s > 1/2. Then u £ L^'*(IR"'") and 
G L'^'''(M^), and the maps r ^ u and r"^ ^ are locally Lipschitz continuous 
respectively as maps TZg ~^ iv'^'''(K+) and TZg L^'*(R~). 

5. Proof of the Main Theorem 

We now give the proof of Theorem 11.21 Proposition 13.11 shows that S± have 
range contained in TZs and that S± are locally Lipschitz continuous maps from 
L^''*(R~) X i^'''(M+) X (0,oo) into the space TZs- On the other hand, given a 
reflection coefficient r ^ TZs, Proposition 14. 1 1 shows that the Riccati representatives 
reconstructed from r and r^^ satisfy u G L^'*(R+) and u"^ G L^''*(R~) and are 
locally Lipschitz continuous as respective functions of r and r'^ . It follows from 
the analysis of section 4 in [8] that u and u"^ are the unique right- and left-hand 
Riccati representatives of a real- valued distribution q e H^^{R) having reflection 
coefficients r and r'^ . This shows that S± are onto TZs and completes the proof of 
Theorem O 



Appendix A. ^^^(M) as a Banach algebra 

Throughout this appendix, we shall write LP and H'^ for the spaces L^'(R) and 
H^{M.), respectively. We refer the reader to the book by Runst and Sickel [20] for 
the properties of the Sobolev spaces H'^ and to the book by Rudin [19j for the basic 
notions of the Banach algebras. 

For s > ^ , the space is a closed algebra with respect to pointwise addition 
and multiplication. Thus, upon introducing an equivalent norm, H'^ becomes a 
Banach algebra. We denote by 1 -j- H'^ the extension of to a unital algebra; 
1 -j- consists of functions of the form g c ■ 1 + f with c G C and / G -ff^. We 
recall that the spectrum aig) of an element 5 G 1 + H'^ is the set of all A G C such 
that g — A • 1 is not invertible in 1 -j- . 

Lemma A.l. Assume that s > ^. Then for every g G 1 -j- H'^ , the spectrum cr(g) 
is contained in the closure ran g of the range rang. 
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Proof. It suffices to prove the impfication 

gel + H" and ^ fang ^ i e 1 + ^r^ 

9 

Without loss of generahty, we may assume that g = 1 + f with / e H^. Also, we 
setC:= 

Consider first the case s G (|, !)• Recall that then (/> G L'^ belongs to if and 
only if 



// 



Setting 



and observing that 



9{x) 9{x) 



mx)-<l>{y)\<CV{x)-f{y)\, 
we easily conclude that (j) € H'^ . 
Next, for s = 1 we find that 







9^ 9 9 

so that l/g &l + H\ 

Finally, let s = n + a, where n e N and a G (0, 1). Then 

"•9^ 9 
where ip G H . Since 

/(") g if" and 1/52 e i/i by the above, we conclude that 
e H"(R). Hence l/g€l + H', and the proof is complete. □ 

We now have the following analogue of the Wiener-Levy theorem for the alge- 
bra 1 + il^ 

Corollary A. 2. Assume that O is an open subset in C and that (j) is a complex- 
valued function that is analytic on Q. Denote by Met the set of all elements g of 
1 -j- Jf" such that ran g C fl. Then, for every g G Mq, the composition <po g belongs 
to 1 + and the mapping 

Mn3g>-^^og£l + H^ 
is locally Lipschitz continuous. 

References 

[1] Ablowitz, M. J.: Kaup, D. J.; Newell, A. C; Scgur, H. The inverse scattering transform- 
Fourier analysis for nonlinear problems. Studies in Appl. Math. 53 (1974), no. 4, 249-315. 

[2] Cohen, A. Decay and regularity in the inverse scattering problem. J. Math. Anal. Appl. 87 
(1982), no. 2, 395-426. 

[3] Deift, P.; Trubowitz, E. Inverse scattering on the line. Comm. Pure Appl. Math. 32 (1979), 
no. 2, 121-251. 

[4] Faddecv, L. D. The inverse problem in the quantum theory of scattering. Uspehi Mat. Nauk 

14 (1959), no. 4 (88), 57-119. 
[5] Faddeev, L. D. Properties of the 5-matrix of the one-dimensional Schrodinger equation. Trudy 

Mat. Inst. Steklov. 73 (1964) 314-336. 
[6] Frayer, C. Scattering with singular Miura potentials on the line. Doctoral thesis. University 

of Kentucky, 2008. 



SOBOLEV MAPPING PROPERTIES OF THE SCATTERING TRANSFORM 



15 



Fraycr, C; Hryniv, R.; Mykytyuk, Ya. V.; Perry, P. Scattering Theory for Miura Potentials, 
I. Inverse Problems 25 (2009), no. 11, 115007 (25pp). 

Hryniv, R.; Mykytyuk, Ya. V.; Perry, P. Inverse scattering on the line for Schrodinger oper- 
ators with Miura potentials, II. Different Riccati representatives. arXiv. math: 0910. 5028. 
Hryniv, R.; Mykytyuk, Ya. V.; Perry, P. Solution of the KdV and NLS equations in spaces 
of low regularity by the inverse scattering method. In preparation. 

Kappeler, T.; Perry, P.; Shubin, M.; Topalov, P. The Miura map on the line. Int. Math. Res. 
Not. 2005, no. 50, 3091-3133. 

Kappeler, T.; Topalov, P. Riccati representation for elements in H~^{T) and its applications. 
Pliska Stud. Math. Bulgar. 15 (2003), 171-188. 

Kappeler, T.; Topalov, P. Global well-poscdness of mKdV in L^(T, M). Comm. Partial Dif- 
ferential Equations 30 (2005), no. 1-3, 435-449. 

Kappeler, T.; Topalov, P. Riccati map on Lq{T) and its applications. J. Math. Anal. Appl. 
309 (2005), no. 2, 544-566. 

Kappeler, T.; Topalov, P. Global wellposedness of KdV in if-i(T,R). Duke Math. J. 135 
(2006), no. 2, 327-360. 

Kappeler, T.; Trubowitz, E. Properties of the scattering map. Comment. Math. Helv. 61 

(1986), no. 3, 442-480. 

Kappeler, T.; Trubowitz, E. Properties of the scattering map. II. Comment. Math. Helv. 63 
(1988), no. 1, 150-167. 

Marchenko, V. A. On reconstruction of the potential energy from phases of the scattered 
waves. (Russian) Dokl. Akad. Nauk SSSB. (N.S.) 104 (1955), 695-698. 

Miura, R,. M. Korteweg-dc Vries equation and generalizations, I: a remarkable explicit non- 
linear transformation. J. Math. Phys. 9 (1968), 1202-1204. 

Rudin, W. Functional analysis. McGraw-Hill Series in Higher Mathematics. McGraw-Hill 
Book Co., New York-Diisseldorf- Johannesburg, 1973. 

Runst, T.; Sickel, W. Sobolev spaces of fractional order, Nemytskij operators, and nonlinear 
partial differential equations. (English summary) dc Gruyter Series in Nonlinear Analysis 
and Applications, 3. Walter de Gruyter & Co., Berlin, 1996. 

Zakharov, V. E.; Shabat, A. B. Exact theory of two-dimensional self-focusing and one- 
dimensional self-modulation of waves in nonlinear media. Soviet Physics JETP 34 (1972), 
no. 1, 62-69.; translated from Eksper. Teoret. Fiz. 61 (1971), no. 1, 118-134 (Russian). 
Zhou, X. L^.goboiev space bijcctivity of the scattering and inverse scattering transforms. 
Comm. Pure Appl. Math. 51 (1998), no. 7, 697-731. 



(Hryniv) Institute for Applied Problems of Mechanics and Mathematics, 3b Naukova 
ST., 79601 Lviv, Ukraine and Department of Mechanics and Mathematics, Lviv National 
University, 79602 Lviv, Ukraine and Institute of Mathematics, the University of Rzeszow, 
16 A Rejtana str., 35-959 Rzeszow, Poland 

(Mykytyuk) DEPARTMENT OF MECHANICS AND MATHEMATICS, LVIV NATIONAL UNIVERSITY, 

79602 Lviv, Ukraine 



(Perry) Department of Mathematics, University of Kentucky, Lexington, Kentucky, 
40506-0027, U.S.A. 



